We solve the Minkowski-space Schwinger-Dyson equation (SDE) for the fermion propagator in quantum electrodynamics (QED) with massive photons. Specifically, we work in the quenched approximation within the rainbow-ladder truncation. Loop-divergences are regularized by the Pauli-Villars regularization. With moderately strong fermion-photon coupling, we find that the analytic structure of the fermion propagator consists of an on-shell pole and branch-cuts located in the timelike region. Such structures are consistent with the direct solution of the fermion propagator as functions of the complex momentum. Our method paves the way towards the calculation of the Minkowski-space Bethe-Salpeter amplitude using dressed fermion propagator. *
Introduction to the Schwinger-Dyson equation for the fermion propagator in QED with massive photons
The Schwinger-Dyson equations (SDEs) are coupled integral equations of the Green's functions in a quantum field theory. They serve as recurrences relations of the npoint expansions of the generating functional, therefore are inherently nonperturbative. Albeit traditionally solved in the Euclidean space, we expect these integral equations to be well-defined for the Green's functions in the Minkowski momentum space [1, 2] extending to the whole complex momentum plane [3] . In this proceeding, we solve the fermion propagator directly in the Minkowski space from its SDE. Let us start with the Lagrangian of quantum electrodynamics (QED) with massive photons in the R ξ gauge [4] 
Here ψ is the fermion field with bare mass m B . A µ is the massive gauge boson field with bare mass m A . The covariant derivative is defined as D µ = ∂ µ − ieA µ with e being the elementary charge. From Eq. (1), the bare propagator of the gauge boson is given by
In the quenched approximation, the gauge-boson propagator remains bare. The metric tensor is defined as g µν = diag{1, −1, −1, −1} such that q 2 > 0 corresponds to q µ being timelike. The fermion propagator S F (p) is to be solved from its SDE given by S −1 F (p) = / p − m B − Σ(p), with the fermion self-energy Σ(p) defined as
Here we define the integral measure as dk = d 4 k/(2π) 4 . In Eq. (3), we have decomposed Σ(p) into its Dirac vector part Σ v (p 2 ) and Dirac scalar part Σ s (p 2 ). Meanwhile, Γ µ (k, p) is the one-particle-irreducible fermion-photon vertex, which in the rainbowladder truncation becomes γ µ .
The spectral representation of the fermion propagator
Following the procedures in Ref. [5] , the Källén-Lehmann spectral representation of the scalar propagator is generalized to the fermion propagator:
The parameter m is the fermion on-shell mass, which can be solved from m
with the support of the integral being (−∞, −m] ∪ [m, +∞) and ρ(W ) defined by
Equations (4) indicates that both S v (p 2 ) and S s (p 2 ) are holomorphic functions of the complex momentum except for p 2 ≥ m 2 . We further assume that singularities of S F (p) specified by ρ(W ) are given by a mass-shell pole and branch-cuts along the positive-real axis. Such an assumption allows us to write ρ j (s) = Z δ(s − m 2 ) + r j (s) for j ∈ {v, s}. The first term contributes to a simple pole structure of the propagator with residue
, the second term r j (s) as the branch-cut part of the spectral functions can be calculated from
Here p 2 th is the threshold above which the imaginary parts of the fermion self-energy become nonzero. Specifically, we work with massive photons in the Feynman gauge such that there is a finite distance between the pole and the branch points.
Solution of the SDE in the quenched approximation
Within the quenched approximation and the Feynman gauge (ξ = 1), we calculate the fermion self-energy from its definition in Eq. (3). The momentum dependence of Σ(p) is given by
with dF 2 = 1 0 dx 1 0 dy δ(1−x−y). Based on Eq. (6), the real part of the fermion selfenergy is logarithmic divergent, which we remove using the Pauli-Villars regularization. Specifically, the regularized fermion self-energy Σ PV (p) is defined as
with Λ > m A being the mass of the regulator. Because of Eq. (7), Σ PV (p) vanishes asymptotically. This results in an additional benefit of the Pauli-Villars regularization that the direct implementation of the spectral representation for the self-energy is allowed. Consequently, the imaginary parts of the fermion self-energy uniquely determine Σ PV (p) in the complex momentum plane. Furthermore, we can calculate the imaginary parts of the fermion self-energy in terms of the spectral functions of the fermion propagator using
with K v (p 2 , s, m A ) = (p 2 − m 2 A + s)/p 4 and K s (p 2 , s, m A ) = −4/p 2 . After regularization, the SDE for the fermion propagator becomes a numerically well-defined non-linear integral equation of ρ j (s). We obtain the numerical solution of the fermion spectral functions through iteration. As an example, we choose the bare mass m B = 0.5, the coupling constant e 2 /(4π) = 0.3, the vector boson mass m A = 1, and the Pauli-Villars mass Λ = 10 to obtain the fermion on-shell mass of m = 0.6502 with residue Z = 0.9096. The corresponding branch-cut parts of the spectral functions are illustrated on the left panel of Fig. 1 . With the same input parameters, we also compare the fermion self-energy in the timelike region with results obtained using the technique of un-Wick rotation [3] , as illustrated on the right panel of Fig. 1 . Our results are in agreement within numerical uncertainties in the Euclidean space.
Conclusion
We have solved the SDE for the fermion propagator in the massive QED in the Landau gauge within the quenched approximation using the Pauli-Villars regularization. With the rainbow-ladder truncation, we find that the structure of the fermion propagator is consistent with a simple pole and bunch-cuts in the timelike region. Our solutions could serve as input conditions for the Minkowski-space Bethe-Salpeter equation of two-fermion bound states.
